Supplementary Material for
“Online Change Rate Learning for Functional Data”

This supplement provides the regularity assumptions, the corollary for the covariance function, the
data-driven online bandwidth selection procedure, some extra simulations, an extended real data example
and the technical results. To be more specific, Section S1 presents the regularity assumptions for the
theoretical results, Section S2 derives a corollary for the covariance function, Section S3 details the data-
driven online bandwidth selection procedure, Section S4 presents some extra simulation results, Section S5
analyzes an extended real data example, Section S6 introduces a lemma used in the proof of Theorem 2,
and Sections S7-S10 present the respective proofs of the four theorems, respectively. For consistency, we

also follow the same notations as those used in the main text.

S1. Assumptions

To derive the theoretical results for the proposed online estimators, we need some regularity assumptions

as follows.

Assumption 1. (Time points and true functions)

(1.1) The observed time points {Ty;; : k=1,...,K,i=1,...,n,j =1,...,my} are independent and iden-
tically distributed copies of a random variable T € [0, 1] with the probability density f(-). f is bounded
from below and above,

0<m;< min f(t) < t) < My < o0,
my < min f(t) max f{t) < My < oo

and the third-order derivative of f(t), f©®)(t), is continuous and bounded.

(1.2) The stochastic process X is independent of T, and the random noise € is independent of T and also
® which is the stochastic part of X.

(1.3) The third-order derivative of ju(t), u® (t), is continuous and bounded.

(1.4) The third-order partial derivative of v(s,t), vV (s,t),u + v = 3, are continuous and bounded on
[0, 1]2.

(1.5) The first-order derivative of ®(t), @1V (t), is continuous and bounded.
Assumption 2. (Kernel for local quadratic smoother)

(2.1) The one-dimensional kernel W (-) is a symmetric probability density function on [—1,1]. W(-) is

Lipschitz continuous, i.e. there exists a constant 0 < L. < oo such that

[W(u) — W (v)| < LeJu —v|  for any u,v € [—1,1].



Assumption 3. (Asymptotic normality for [LE% (1))

(8.1) The online bandwidth for ﬂg}g) (1), iLWK) — 0, 1/(SK71}~7/;Z(K)) — 0, and SK,Q/S%(’I — 0.

(3.2) max{1/(Sk b)) Swc2/Sk 1y Swall o /S AL/ (Sahi ) + Sk2/Sk 1}/ = 0.

(3.3) supycpo E|®(t)|? < 0o, and Ele|® < .

Assumption 4. (Asymptotic normality for ﬁ((}(’()))(s, t))

(4.1) The online bandwidth for ’y((;(’?)(s, t), h

Sk — 0.

— 0, 1/(5[(72%4 ) — 0, SK73/(S%(’2E3

VK) ’Y(K)) — 0, and SK,4/

V(K)

(42) ma‘X{l/(S%(,Qﬁ’?;(K))’ SK73/(S%(,1B’%(K))7 SKA/(S;)(,Q;L'Y(K))’ SK,5/ S%(,Z’ SK,GB%(K)/S‘%(,Q}/{]'/(SKQ;Li(K)

+ SK73/(S%(72h,2},(K)) + SK,4/S%(72}3/2 — 0.

(4-3) supyepo] E|®(t)|® < 0o, and Ele|® < .
Assumption 5. (Data block)
(5.1) maxp<g sk,;/Sk,j — 0 as K — oo for j =1,2.

Remark: Assumptions (1.1)-(1.2) are common in FDA (Cao et al., 2016; Zhang and Wang, 2016; Zhang
and Li, 2022). The independence assumption in (1.2) simplifies the theoretical derivations but does not
capture certain practical scenarios, such as longitudinal or spatially clustered functional data, which often
exhibit the dependence both within and across subjects (Mateu and Romano, 2017). If the observations
satisfy the weak dependence (e.g., a-mixing), the consistency of our online estimators can be established via
the nonparametric techniques analogous to the proofs used in the offline analysis (Horvath and Kokoszka,
2012). When the dependence is stronger, one may adjust the data-driven bandwidth selector by incor-
porating covariance-adjusted penalty terms (Brabanter et al., 2011), or introduce a forgetting factor into
the recursive updates to down-weight older blocks (Chu and Chan, 2015). Extending these ideas to the
offline derivative estimation for longitudinal or spatially clustered functional data remains undeveloped and
considerably complex, while developing an online counterpart presents even greater challenges. As such,
we leave a detailed theoretical analysis for future work. Assumptions (1.3)-(1.4) provide the necessary
smoothness and boundedness conditions for the mean and covariance functions to derive the consistent
and asymptotically normal estimators. Assumption (1.5) stipulates that ® must be continuously differ-
entiable, an additional condition necessary for estimating (0 (s,¢) but not for estimating p(V(t). As
a result, when estimating fy(l’o)(s,t), the processes with high irregularities (e.g., infinite oscillations or
jumps), such as Brownian motion and Poisson process, fall outside our current framework. While there
is no established solution for handling the irregular processes, we outline two possible workarounds in
the online framework. One may pre-smooth each trajectory via the kernel smoothing, penalized spline or

wavelet shrinkage methods to obtain smooth and differentiable sample paths, thereby implying that &,

)



the stochastic part of X, is differentiable (Wand and Jones, 1994; Antoniadis and Fan, 2001; Claeskens
et al., 2009). Then OCRL can estimate v(1:9) (s, ) directly and the induced pre-smoothing bias would need
to be quantified and integrated into the theoretical analysis. Alternatively, one can target a generalized
derivative by performing the local linear regression on the increments (Boker et al., 2011). In this variant,
OCRL aggregates the weighted first-order difference quotients to yield a consistent estimator for the gener-
alized derivative, thereby leading to distinct asymptotic behavior. A full theoretical development of these
extensions lies beyond the scope of the present work but suggests promising directions for future research.

Assumption 2, which specifies the fundamental requirements for the kernel function, is widely used in
the literature on the kernel-based method (Wand and Jones, 1994; Brabanter et al., 2011). It implies that
a(W), (W), R(W) and U (W) in Theorems 1 and 2 are finite.

Assumptions 3 and 4 are introduced to establish the asymptotic properties of ﬂg}g)(t) and 719 (s, 1)
and are considered mild in nonparametric FDA (Li and Hsing, 2010; Zhang and Wang, 2016; Yang and Yao,
2023). Assumptions (3.1) and (4.1) ensure the consistency of our new estimators, serving as foundational
conditions for local polynomial regression. Assumptions (3.2) and (4.2) ensure the applicability of the
Lyapunov central limit theorem. Assumptions (3.3) and (4.3) provide the moment conditions necessary
for the theoretical proofs.

Assumption 5 requires that the number of measurements per block should be comparable to, but
significantly smaller than, the total number of measurements. This assumption is also reasonable and can

be readily met in streaming data (Yang and Yao, 2023; Yang et al., 2024).

S2. Corollary for Covariance Function

The asymptotic normality of ﬁ(l’o)(s, t) exhibits three distinct forms, determined by the relative order of
the average number of measurements per subject mo x and N, where mo . Each form corresponds to
a specific sampling scheme, reflecting the varying levels of the data density and their influence on the

estimator’s asymptotic behavior.

Corollary A.1. Suppose that the conditions in Theorem 2 hold and lim supg SK72SK74I‘:L,2Y(K)/S%(’3 =(Cy €
(0, 00).

(i) When g i /Nxg — 0 and h O(S;}Q/S), we have

V) T

Ly(s,t) = {14+ I(s =)} {R(W)U(m Ei(s, 1) }

(W) f(s)f(t)

and

Sk 2 ~(1,0) (1,0) 1 8(W) (3,0 1 (1.2)
- = ’ t _ ) t A 5 t _ = s t
\/F’Y(Svt>p’y(K),4 {'7(}() (s,t) =77 (s,1) Ga(W)’Y (s, )pfy(K)Q 20[(W)*y (s,t)

d
p'Y(K),Z} — N (0, 1) .



(i1) When mo /N — C and SK74}~L§(K)/SK72 — C% with 0 < C,Cy < oo, we have

Ly(s,t) ={1+1(s=1)} {

2

{e()2() () + 2D (5)2(0)f ()} ] = {710 (5,01 (5) +7(s, ) F D (5)}

C? Fo
T4 2(s)

and

Sk (1,0) 1 B(W) 1
L R N _ A(10) _ 22 (3,0 1 (1,2)
T (5, 0)Sn {’Y(K) (s,8) =77 (s, 1) 6 (i) (5,302 = 5 (W)Y (s,1)

d
pr),Q} — N(O, 1) .

(111) When ma /N — 00, fL»Y(K) =o(Ng'), and mz,Kﬁi’;(K) — 00, we have

Ba [{8(s)8(1) 1) (s) + @D()2(1)f(5)}] = {1005, 0)7(5) + 25,01/ (s}

Fals 1) = 72(s)

and

Sk (1,0) d
k2 )50 1) — ~10) (s ¢ N(0.1).
et L) 60 =160 ) 5 N 0.

In the online change rate estimation of the covariance function, functional data are categorized into
three types based on their asymptotic distributions: non-dense, semi-dense and ultra-dense. Notably,
Corollary A.1 reveals a discontinuity in the expression for the asymptotic variance, reflected as a jump in

I'y (s,t) when s = t. However, this discontinuity vanishes when the data are ultra-dense.

S3. Bandwidth Selection

Based on Corollary 2 in the main text, the online learning bandwidths of ,ugg) (t) and ’y&’?) (s,t) in practical

applications are

Q(W) > 1/7 Q(W) 5 1/8
popt  _ @ Pu -1/7 popt  _ @ Yy -1/8
h#(K) = {2752(W) éu} Sk and hW(K) = {2752(W) ~7} Ska

where



/ i ( (1) fey (),

OéQ 2 ~ ~
- //{ t+3 5((1/1/”/))’?((}5?)(370} () (8) fc) () dsdt,

iy = [ [ B o) 5) o s

For éﬂ, we estimate (3 (t) using the online local quartic polynomial regression with the pilot bandwidth
hg =Gy, Sk 1/ and the candidate bandwidth sequence {779 Z}Z] \» Wheren, ;= {(J—=1+1)/J}/°
(K)?

H(K) (OO
(3 5 . :
hg (Ruppert et al., 1995). We get uglg)(t) = 55T74{P9u<K), ()}t qng), 1(t), where ¢4, is a ¢ unit vec-

H(K) ~
tor with 1 on the vth position. Meanwhile, we get f(x(t) = 5571{P9u(;{)71(t)}_1' Then, we integrate
ﬁ(ig)(t) f( &) (t) over [0,1] to obtain f,,. Similarly, 6, can be estimated using the pilot online learning band-
: _ 1/ 10 : aJ L 7 1/10y, _
width h9w(K) = Gy, Sk 4 and the candidates {77%(;() iti_,» where Mo, = {(J-1+1)/J} h9v(K)' For

v, and v, Theorems 1 and 2 show different expressions under the non-dense, semi-dense and ultra-dense

sampling schemes. We give the corresponding estimation method as follows.

(a) NEB)( ) for the non-dense functional data. According to Case (i) in Corollary 1 in the main text, we
have
uw)

= 2(7) /{v(t,t) + 0%} dt.

Denote 72(t) = ~(t,t) + o2. We use the online method to estimate 72(t).

(a.1) Obtain fi(x(t) by applying the online local linear regression to Yj;; where the pilot band-
width is by, = G S;(}l/ ® and the candidate bandwidth sequence is {nN(K)j}i]:l with Mgser d =
{(J =1+ )/J}1/5hu(;<)

(a.2) Compute r% )(Tk”) = {Yhij — Ik )(Tk”)} and smooth T(K) (Tyi;) using the online local linear
regression with hj ., and {nM(K)J}l:l

(b) ’y((;é()])(s,t) for the non-dense functional data. Following the method of Yang and Yao (2023), we
online estimate p(t) by choosing the candidate bandwidth sequence of length 10. Then we get the

raw covariance observations Cy; ;. According to Case (i) in Corollary A.1, we have

vy={1+1I(s=1)} }W // Eq(s,t)dsdt.

Under model (1), Ey(s,t) = Eg {®(s)®*(t)} + 02 {7(s,s) + 7(t,t)} + o*. We use the online method
to estimate Fj(s,t).



(b.1) Obtain y(x(s,t) by applying the online local linear regression to C’km’l where the pilot band-
width is Ay,
{(J =T+ 1)/ T} Ohs

(b.2) Compute 6(1{) (t) = T‘%K) (t) = Y(K)(t, 1), where f(QK)(t) is obtained as in (a), and integrate 6(2}() (t)

=G 51212/ % and the candidate bandwidth sequence is {UWK)J}EJ with Mo =

=2
to get OlKk):
(b3) Compute El(K) (Tkij7 Tkil) = {Cki,j 1— N(K) (Tkij7 Tkil)}2 +"~)/(2K) (Tkij7 Tkil) and smooth El(K) (Tkij7

Tjir) using the online local linear regression with hs . and {nW(K) Z}i”]: .

(¢) M) (t) for the semi-dense functional data. According to Case (ii) in Corollary 1 in the main text,

we have

2
2}dt+Cl/fy(t,t){f(;)(§t))}dt+C’1/’y(1’1)(t7t)f(t)dt

Y
+ 204 / A0 (¢, 1) O () dt
It is the sum of the following four terms. We use the online method to estimate each term.

(c.1) Obtain the first term with the same techniques as (a).

(c.2) Estimate the second term. Specifically, obtain X (t) by smoothing Y}i; using the online local

linear regression with hj ., and {n#(K) Z}EJ .- Compute {Ykij — Xki(Thij)}? and integrate it to

get a( )~ Compute Y ) (tt) = F(QK)( )— ( k) Obtain f ( ) by applying the online local linear

regression to f(K)( ) with P, and {n When estlmating 6,, online, we have f(K) (t).

M(K)vl}l=1.

(c.3) Estimate the third term. Specifically, obtain 5/85)(75 t) by applying the online local cubic re-

gression to F?K) (Thij) where the pilot bandwidth is hj, ) = = Gy, Sk 1/9 and the candidate
myl {(7 -1+ 1)/‘]}1/9huu1<K>

(c.4) Estimate the fourth term. Specifically, obtain &((1’[))) (t,t) by applying the online local quadratic

bandwidth sequence is {n with n,

Huy (K) 7Z}l~:1

regression to r( K) (Thij) where the pilot bandwidth is hj, 2() GMVQS Y7 and the candidate

bandwidth sequence is {n with 7, (J—1+ 1)/J}1/7h~

1/2(K)7l v (K)*

uy2<K>,l}z=1
(c.5) For C1, we provide two estimation methods. One is to let C; = 1, since the four terms are of the
same order. The other is to solve the equation about Cy, CTSL, /St ., — 27 aQ(W)ﬁMK) (C1)/

{B2(W)8,,}]? = 0, where Uiy (C1) 1s the function of Cy with the coefficients based on (c.1)-(c.4).

(d) ﬁ((;(’()))(s,t) for the semi-dense functional data. According to Case (ii) in Corollary A.1, we have
RW)UW)
Vry = {1 —+ I(S = t)} W // El(S,t)det

_ L) s s
+{1+I(s_t)}coéa(w //E2 ) f(t)dsdt



+ 3 [Ea {22270} — 7 (5.0] {1V (5)}

+C? {Eq; [{@U 2(1)2 ] {(0)(s,t)}1

Eg {®(s) YW ()P ()} — (s, t)y (1.0)(s,t)
f(s)

It is the sum of the following five terms. We use the online method to estimate each term.

4202 FO(s).

(d.1) Obtain the first term with the same techniques as (b).

(d.2) Estimate the second term. Specifically, under model (1), Fa(s,t) = Eg{®%(s)®%(t)} + o2(¢,1)
and EQ(KN') (Thijs Trit) = {Criji —V(K) (Tkijkail)}2+:7(2K) (Tkij,Tkil)*f}?K) *25(2;()’7(2;() (Thij Thij)-
Obtain Eyk)(s,t) with the similar techniques as (b).

(d.3) Estimate the third term. Specifically, obtain Eq{®?(s)®%(t)} — (s, t) by applying the online
local linear regression to {C’kml —(x) (Thij Trir)}2 — 5?}() - 2&(21() Vi )(T/ﬂ],TkU) with hs ., and
{UV(K)J}IJI |- Obtain f((ll())(s) by applying the online loczil linear regression to f( K)(s) with kg .,

and {n#(K)j}ZJ:l' When estimating 6, online, we have f(x(s).

(d.4) Estimate the fourth term. Specifically, obtain Eg[{®(")(s)}2®2(¢)] by applying the online local

Obtain 4k (s,t) by (b.1). For ’y(l )(s t),

and {n (K)

aJ
linear regression to Ci; 41 With s ) . l}Z X

apply the online local linear regression to ¥(x)(s,t) with hy ., and {n

’Y(K)J}lzl
(d.5) Estimate the fifth term. Specifically, obtain Eg{®(s)®M (s)®2(t)} —~(s, )70 (s, ) by applying
the online local quadratic regression to {Ck”l Yy (Thigs Trit)}? — &?K) — 2&(2K)’7(2K) (Thijs Thiz)

V(E)

where the pilot bandwidth is hs = G%1 S K12/ ® and the candidate bandwidth sequence is

7”1(K>

(d.6) Based on the expressions of }Nzgf;), C1,Cy and v, we have H8a2(W)9~7/62(W) =270y, (H) = 0,
where H = [27a?(W)v, /{8%(W)0,}]'/® and Uy, (H) is the function of H with the coefficients
obtained by (d.1)-(d.5).

(e) ,ug Ig)( ) and :y((}é()))(s, t) for the ultra-dense functional data. According to Case (iii) in Corollaries 1 and

A.1, the unknown quantities v, and v, can be obtained with the same techniques as the semi-dense

functional data.

The above processes refer to the methods and theories proposed by Wand and Jones (1994), Fan and
Yao (1998), Zhang and Chen (2007) and Ruppert et al. (1995). There are many other methods to estimate
the unknown quantities. For the variance o2, Wang and Yu (2017) provided two bias-corrected versions,
which perform better in the cases of immense oscillation of regression function and small size sample.
The proposed bandwidth selection procedure involves further bandwidth selection. In order to avoid the
computational time caused by iteration, we specify the bandwidths in advance. Refer to Sheather and Jones
(1991), Wand and Jones (1994) and Yang and Yao (2023), when G, G, , Gp,,, Go,, Gy, Go,, G, = Op(1),



the online learning bandwidths BZ"’(’;)

practical use, we set G = 0.8'/¢ where d = 1 for M (t) and d = 2 for 4(10)(s,t). We substitute 9“,57, Uy,

opt
H(E)

=~ opt . .
and h3f, can achieve the convergence rates in Theorem 3. For

and 7, in (7) with the offline estimation éu, é,y, v, and 0, to get the offline learning bandwidths h and

ilopt

VK- Similar to the online bandwidth selection described above, éwéw U, and U, are obtained by the

offline local polynomial regression.
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Figure S1: The pseudo-bandwidth sequence {ﬁ% K)’k}{( with . = 10 under the dense sampling scheme
based on the first 100, 500, 1000 data blocks.

S4. Additional Simulation Results

In this section, we provide extra simulation results, including a full sensitivity analysis of OCRL to the pilot
parameter (G, the convergence simulation on the pilot online estimates, as well as the parameter settings
and comparison results of OCRL versus the spline, wavelet and stochastic gradient descent methods.
Figure S1 displays the pseudo-bandwidth sequence {ﬁv( K)Jc}{{ with L = 10. We also illustrate the
pseudo-bandwidth sequence {7 K)k}{( with L = 10 for /182) (t) and :y((ll(’())
scheme based on the first 100, 500, 1000 data blocks in Figure S2. Furthermore, we assess the sensitivity
of OCRL for G, considering G € [0.6, 1] for /182) (t) and G € [0.7,1.1] for ’78(’[)])(3,15). Figure S3 presents
the empirical mean integrated squared errors (eMISEs) under the dense and non-dense sampling schemes
based on the first 300 data blocks. Over these ranges, OCRL is only weakly sensitive to G and the

eMISE curves are relatively flat with a minimum near the recommended choice. The stopping rule for K

)(s, t) of the non-dense sampling

can be determined by Theorem 3. Given a target convergence level 7 > 0 for the bandwidth error, the
stopping index can be computed as Kgop = [K >1:S8k2 > Tt/ ‘ﬂ, where []| denotes rounding up to the

nearest integer. In our simulation setting, the cumulative information S3gg 2 of the first 300 data blocks is



0 200 400 600
Data block

o K=100 = K=300 K=1000

017 4
&
015
¥
-2
013
=
=
0.11
0.09
0 200 400 600
Data block

o K=100 = K=300 K=1000

Figure S2: The pseudo-bandwidth sequence {7j K)k}{( with L = 10 for /lgg (t) and ’y((}(’()))(s,t) under the

non-dense sampling scheme based on the first 100, 500, 1000 data blocks.

sufficiently large and the pilot-induced relative error in estimating v(1:9 (s, t) falls below 5% by K = 300
regardless of dense or non-dense data. We also have conducted a convergence simulation on the pilot online
estimates. Figure S4 reports that the convergence of G 1.0), where Gza1.0) = {2702(W)ir, /(B2 (W)0,) }1/3.
The L'-norm for the pilot differences of successive blocks falls below 10~% by K = 300, and changes from
K =300 to K = 500 are negligible. This stabilization indicates that further updates would bring negligible
statistical gains while adding disproportionate computational cost. Thus, we set K = 300 as the cutoff for

the pilot updates, a choice that balances the statistical efficiency with computational efficiency.
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Figure S3: The eMISEs of i) (t) and 5(1:9) (s, t) for different G under the dense and non-dense sampling
schemes based on the first 300 data blocks.

For the spline method, we employ the penalized B-spline smoother with the quartic basis and the
third-order roughness penalty to estimate u(l)(t) and the tensor product of two cubic B-spline basis with
penalties on the second-order partial derivatives in both directions to estimate v(19(s,¢) (Sangalli et al.,

2009; Wood et al., 2016). The smoothing parameters are chosen by the cross-validation. For the wavelet

10



method, we utilize the Daubechies extremal-phase wavelet to estimate (V) () and the Daubechies least-
asymmetric wavelet to estimate (10 (s, t), and moreover denoise the wavelet coefficients using universal
hard-thresholding (Donoho and Johnstone, 1994; Pigoli and Sangalli, 2012). When estimating p(!)(¢) and
7(1’0)(87 t) via SGD, we fit the penalized cubic B-spline with the second-order roughness penalty and adopt
several stabilization techniques to improve the statistical accuracy (Bottou, 2010; Sutskever et al., 2013).
Figures S5-S10 present the relative efficiencies and computational time of OCRL versus the spline, wavelet
and SGD methods.

0.65

-----

_ e = o
i

Data block

— dense — - non-dense

Figure S4: The convergence of G;?(l,()) across the data block K under the dense and non-dense sampling
schemes.

S5. Application to United States Traffic Accidents Data

We apply the proposed OCRL method to analyze the traffic accident data from the United States, which is
known as a major public safety concern. Our findings highlight the significant role of the road conditions
and the environmental factors in reducing accidents. Traffic accidents are a critical global public safety
issue, with over a million lives lost annually and growing numbers each year. These accidents not only lead
to a significant loss of life but also impose substantial economic costs and social burdens.

In this study, we analyze the traffic accident data from the United States between January 1, 2018
and March 31, 2023. The dataset, which includes approximately 6.6 million accident records, is pub-
licly available at US Accidents Dataset https://smoosavi.org/datasets/us_accidents (Moosavi, Samavatian,
Parthasarathy and Ramnath, 2019; Moosavi, Samavatian, Parthasarathy, Teodorescu and Ramnath, 2019).
Our primary focus is on the frequency of traffic accidents per hour. For the analysis, we treat each day

as a block and each state as a subject. We apply a logarithmic transformation to the number of traffic
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Figure S5: The empirical relative efficiencies of OCRL versus the spline method for ﬂg}g) (t) and :y((}(’()))(s, t)
under the dense (solid lines) and the non-dense data (dashed lines) with L € {3,5,10,20}. The
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Figure S6: The empirical relative efficiencies of OCRL versus the wavelet method for /182) (t) and ’y((}(’l))) (s,t)
under the dense (solid lines) and the non-dense data (dashed lines) with L € {3,5,10,20}. The
y-axis is plotted on a logarithmic scale.

accidents for each hour, denoted as Y,?i I with the transformed measurement given by Yj;; = log(YkOi ;T 1),
as specified in model (1). We assume that the number of traffic accidents between days is independent. To
ensure the accuracy of the estimation, we excluded 68 dates with fewer than 8 observations and 6 subjects,
resulting in a total of K = 1848 data blocks used in the analysis. The number of subjects n; follows the

discrete uniform distribution on the set {6,...,10}. For the dense sampling scheme, we set the number
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Figure S7: The empirical relative efficiencies of OCRL versus the SGD method for ﬂg}g) (t) and :y((}(’()))(s, t)

under the dense (solid lines) and the non-dense data (dashed lines) with L € {3,5,10,20}. The
y-axis is plotted on a logarithmic scale.
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Figure S8: The comparison of the computational time in seconds between the OCRL and offline spline
methods for p(M(t) and (19 (s,t) of the dense and non-dense sampling schemes.

of measurements my; to 24, while for the non-dense sampling scheme, the number of measurements is
randomly selected from {8,9,10}. The dense sampling scheme uses the same subjects in each block as

non-dense sampling scheme, and the dense measurements include non-dense measurements for each sub-
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Figure S9: The comparison of the computational time in seconds between the OCRL and offline wavelet
methods for (M (t) and (19 (s,t) of the dense and non-dense sampling schemes.
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Figure S10: The comparison of the computational time in seconds between the OCRL and SGD methods
for 11V (t) and v(19) (s, t) of the dense and non-dense sampling schemes.

ject. We use the offline change rate learning method for all 1848 data blocks as a baseline for comparison.

The bandwidth selection follows the procedure outlined in Section S3.
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Figure S11: The comparison of the computational time in seconds between the OCRL and offline kernel
methods for p(M(t) and v(1:0)(s,t) based on U.S. traffic accidents data, where K = 365,1092
and 1783 correspond to the end of year 2018, 2020 and 2022, respectively.

We compare the computational time between the proposed OCRL method and offline kernel methods
in Figure S11. The computational time required by the offline kernel method is at least several tens of
times greater than that required by our new method. As illustrated by the example, the proposed online
method greatly improves the computational speed and realizes real-time output of results. Figure S12
shows the first-order derivative estimation of the mean function at the end of year 2018, 2020 and 2022.
OCRL demonstrates a significant trend towards the baseline for both the dense and non-dense data.

By examining the change rate of the mean function, we offer the following analysis. As more data
are incorporated into the models, this trend becomes increasingly evident. Between approximately 2:00
and 5:00, the derivative is much greater than zero, indicating a rise in the number of traffic accidents,
which tends to spike. During this period, the body’s biological rhythms are at a low ebb, and drivers
often experience fatigue and drowsiness. In addition, the reaction times and vision may be impaired when
driving at night. The number of traffic accidents during the morning rush hour, which spans from 5:00
to 7:00, also increases due to the substantial rise in both vehicle and pedestrian traffic. However, the
rate of increase during this period slows down. A small peak in traffic accidents is also observed around
lunchtime. This may be attributed to people rushing to and from restaurants, thereby increasing the risk
of accidents. The third peak occurs between 18:00 and 21:00. During this period, the frequency of traffic

accidents shows a declining trend as people’s off-work hours and evening entertainment activities become
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Figure S12: The first-order derivative estimation of the mean function using the OCRL and offline kernel
methods based on the dense and non-dense cases of U.S. traffic accidents data. The baseline,

represented by the solid line, shows ﬂ(l)(t) using the offline method based on the full data
from 2018 to 2023.

more spread out. Although this trend is decreasing, the rate of decline slows over time, likely due to the
persistently high traffic flow.

S6. Lemma A.1 and Its Proof

Lemma A.1. Following the same conditions as in Theorem 2, we let

m.or m. .y
1 k k1 1 Tk/z/j/ — Tkil
Qory = Qo (Thit) = - W ( ,

klzl ’LJZI j’: nN(K)’k’ T’.“‘(K)vk/
n / m / /
Ale: (Tkij_3> 1174 <Tkil_t> (T]m‘j—8> 1
K ~2 ol ol -~ ol

=1 1<jAI<my; i =1 j "1 ’r]’Y(K) k n’Y(K)zk nV(K)vk 77’Y(K),k? nu(K),k/

Tr.oa Th; 2

k kil 1
1% (nj> {(Yiij — 1(Thij)} {Yk/ = ilT )+ 5@ G ) (T — Toa) } .
B(r) K

Then the mean and variance of ARy ;/Qor, , are given as

ARy

B _ -1 -1 ~

E ( Qon | = O (8”718;@,2%,3%@&) :
1,k
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AR, k
QoR,

2 -2 9 . SO, S |
{Sk,3?7’)/(1<),k‘ + Sk2 (Sk"m’v(}(),k + Skv?’nﬁ(m,k) + nV(K)yan»(K),k

_ -2 -2

> Op <5k/,15k,2
~ 1 . ~ 1 -2 1 2 =2 -1

T8 <3k74"7w<>,k T sk’SHV(K)’an(K)’k> T k6T ek T Sk’,lskzi’*nwK)»knwKwk}) '

va<

Proof. Firstly, we have E(Qor, ;) = f(Tkit) + a(W) @ (Tkil)ﬁz(m,k/Q + op(ﬁi(K)7k) and

E (ARLQ
n / m / /
LIS s S e (Tt () ()
S ' 15k2 i=1 1<jAI<my; ' =1 j'=1 n’Y(K)v Thx)k Thxe k )k
1 Ty — T 1 2
——W ( —— ) {Yrij — 1(Thij) } {Yk’i’j' = (T + 5 Ty ) (Tk’z’f T’“”) }]
nM(K)Jf nu (K)k
K n.r m / /
£ <Tkij ) W (Tmz - t) (Tkij - 8)
~2 ~ ~ ~
Sk; 2 i=1 1<jAI<mp; k' —1 i —1 j '—1 777(K) k 777(;0 k T/’ygg,k‘ 77’Y<K),k‘
1 Ly v — Thil
— W v {Yk’lj - N(Tk‘l])} {Yk/z/]/ - k/l/]l
nu(K), K 77#(1()7 K
Mpq
LISy Sl (Tt (Tt (Te)
sy 1 %k2 5T <A< my =1 777<K k gy Thxe k Ty ok T k
T, 0 — Tk

k kil

| WYkij — #(Thij) {Ykij' - M(Tkij')}

=0, (312’1,181;%3’“7377‘/(1()7’6) .
Then by the delta method (Cox, 2005), it follows that E(Aél,k/QORM) = {E(ARL;@)/E(QORM)}{l +

-1 -1 -
Op(l)} = Op(sk/’lsk,QSk,3n’Y(K)7k)'
Next, to derive the variance of AR /Qor, i, we first compute the second moment of AR, j, which can

be expressed as

mor.
i kzl ng I kz2

ZZZZZZZZ

E (ARM)Q

Sk/,l 2 i1=1 1<j17£l1<m1“1 Z =1 j —1 ig=1 1<J27£l2<mk12 1, =1 j2_1
- 1 w (Tk‘jljl — 8) w (T]iilll — t) (Tkjljl — S> ~ 1 W (kazljl Tki1l1>
My ey ok )k Thx) ok Thacyk ) Mgy K My K
) ! w (Tkj2j2 — S) w (T]figlz - t) (kaé]é _ 8) _ 1 w (Tk/llj/ Tki?b)
Ty ey ok Thx) ok Thx) ok Thaeyk ) Mgy K Moy k'

1 2
{Yeirgi — (Thinzn)} {Yk/i'lji —ilTy ) + §M(2) (Tt 51) (Tk/; ’ Tkml) }
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2
{Yeisjo = 11(Things) } {Yk'i;j; = il(Tyy ) + QM( (T i) (Tk/z;]/ Tkzng) }

We further decompose E(AR; 4)? into four terms as follows:

1 1 1 1
(a> = 52 STE Z ~1 Wkll]l( )Wki1ll (t>Wk/z’j’ (Tkilll)WkiQJ'Q (S)Wkin (t)Wk’Z’]’ (Tkizlz)
k:l,l k2 n’Y(K)’k n;L(K) k’
Thivji =8\ [ Thizjo — 8
( Ty b o) e~ Hkig) (Vi = i) O = i) (Y, = ) o
1 1 1 1 1
(b) = 252 &2 szlﬂ( )sz‘111 (t)Wklillji (Tkilll)Wking (S)Wkizlz (t)Wk:’i'Qj; (Tkizlg)
K1 7k2 777 )knﬂ(K)v
Thiyiy — 8 Thinio — S
( ﬁ:jl . > ( ﬁsz . ) (Yeirjs — Hhizgi) <Yk' = My ’) (Ykings — Mkigjz)M(Q)(Tk'Z; ')
(K)> (K)>
2
(Tkg;]' Tile) ;
1 1 1 1 1
(C) 23 82 Wkllh( )Wkilh (t)Wk/i/lji (Tkilll)Wkisz (S)Wki2l2 (t>Wk’i’2j; (Tkiglg)
k 1 k 2 7/"Y(K)vk nM(K) k‘
Thirin — S Thinio — S
( "7/17151) k ) ( 77?(]2) k ) (Ykiljl - Nki1j1) <Yk’ A X ’) (Yki2j2 - :ukigjg) ,U/(Q) (Tkli;]é)
K)» K)»
2
<ka1'1]' Tkzlll) ;
1 1 1 1 1
=122 F Y Whi(s Weisty Wit 30 (Thint)Whingo () Wity (OWr i i1 (Thist )
K1 k2 7’7 K)k nu(K) K
Triiiy — S Trinio — S 9 2
( ﬁ::;) . > ( ﬁzjj; . > (Yieir gy — M jn) (Viings — Hiings) 11 )(Tk'é]') (Tk/z']' Tkilll)

(2) 2
H (Tk/i’ ") (Tk/zg]/ Tkzgl2> s

2J2

where Z Z’ll 121<]1¢l1<mk11 Z’L =1 Z _11 ZZQ 1 Zl<]2¢l2<mk12 ZZ -1 Z Wk”( )
W((Tkw )/777(;(), ) W ' ’(Tkzl) W((Tk’z’ i Tk‘zl)/nu(m,k 1), and pug;; = M(K) (Tkij)-
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For (a), we divide it into four nonzero main terms based on the kth block and the ith subject, yielding
that

AS = {(k,ir) = (K ,iy), (k,iz) = (K, iy), (k,i1) # (k,i2)},
A = {(k,ir) = (kyiz), (K ,iy) = (K ,ig), (kyin) # (K1)},
= {(k.in) = (K ,ig), (k,ip) = (K ,i)), (k,i1) # (k,i2)},

§ = {(k,ir) = (k,iz) = (ki) = (K ,i)}.

(i) Under A{, we have

1 1
(C")|/\‘1Z = TTE { Z T?Wklljl( )Wkllll( )W]ml] (Tkllh)Wle]z( )Wki212 (t)kaj (Tklzb)

Tiiyi, — S Thini, — 8
( o ) ( 22 > (Yiirjs = Hkivji) (Y]ﬂ'lj; - 'ukilji) (Yhingo — Hhizjz) <Yki2j; - Mkizjé)}

77’)/(;()7k‘ "7’)/(}(),]4:
1 1 1 1 Tei i — s
=5 ) Eq———"W; Wiirt, W, o (Tiiy) | =22 | (Yiiy i — iy s
5]%71 5]%72 Z {n'Qy(K>,k nu(m,k 11]1( ) 21 1( ) kn]l( 21 1) 77’?(K),k’ ( 1171 zljl)
1 Tki i, — S
(Y i Mg J) E Wk‘l i ( )W]ﬂ 1 (t)W L (Tkl l ) ~2]72
TR } {n’zﬂx) Elgok - Rindy Thx)k
= O )
_ E? (A Rl,k)
-2 .-2.2 =2
=0p (Sk,lsk,25k,377'y(m,k> .
(ii) Under A§, we have
1 1 1 1
(a)’Ag - 32 STE Z M2 Wk“jl( )Wkilll (t)Wklz/]/ (Tkilll)Wkile (S)Wki1l2 (t)Wk/le, (Tkhb)
K1 Sk2 777(1()7;C UM(K) %
Tki1j1 - Tkiljg — S
< Ty (xcy ok Ty (xcy ok (iivji = stkir ) (Y’f//J' s, ’) Yeirgo — Hhirgz) (Yk’z‘/ljé Ky lez)

1 1 1 Tk‘ i — S Tk‘ i — S
=2 a2 D B Wiy () Wiy () ( L ) ( L2 ) (Yhivjy — Mhijy)
K1 ok2 Ty ) ok )k Thire) k

1 1
Yirgo = tikings) ¢ Bz =5 Wit (OWr it (Thint ) Wis 1, (OWyr 0 10 (T,
UW(K)’]C np,(K) K

Ve o =t ) (Yo = )
< K T g ) Wi T FR g,
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_ 2 1 9 __1
=Op (Sk’,13k,2 (S’“’MW(K%’“ + Sk’:”nv(m»k)) '

(iii) Under A§, we have
1 1 1 1
(a)|A§ = STiE Z ~4 -9 Wkllh( )Wkuh( )ka] (Tkllh)Wk’Lsz( )Wkiglg(t)Wkilj;(Tk‘iQZQ)
k

Thij, — S Thinis — S
( - ) ( o )(Ykim ~ Hii) <Yki2ji _“km’i) (Vs = thiaje) (Ykilj; _“km';>}

nV(Kﬂf

1 Tk' ip — S
= ZE =5 ———Wiirjy (8)Whigt, () | —2— Wi, (Thisty) Yhirgy — Hbivjy)
77’?(1(),16 My ok (ko k

1 T]% o — S
(Ykilj; - “kiué) } E { = Wi () Whay1, (1) <~2j2> Wit (Thisty)

777(1{) k n“(K)’ Ty sk

(Yki2j2 - /‘Lking) <Yk7,2]1 - Mk22]1> }
— 2 (ARLk)
=0p (Sk 15k, 55k 3777(1(), ) :

iv) Under Ag, we have
(iv) i

1 1 1 1
(a)|AZ = STSTE { Z ) ~2 Wkll]l( )thll(t)Wk“] (Tknh)Wkng( )Wki1l2 (t)Wkilj; (Tkhlz)
k,1 k.2 777(1(),/6 77#(1() k

Thiyi, — S Thipjo — S
( o ) ( o ) Mo = ki) <Y’ﬂ‘u‘1 - “kz‘u’i) (Veirja = thinso) <Ykz'1j; - “kz’u‘;>} .

Ty .k Ty k

Moreover, it can be divided into the following three cases:
Afy = {j1 = jo,J1 = Jo i = la, j1 # 11, jo # 52},
A = {d = dasdi # dovit # oo # 12 p U {1 # sy = sy = ot # Lo # la
Aj 5= {jl,jg,ji,j; are all different, j; # 11, jo # lg} .

Under A}, we have

2

1 1 1 1 Tri iy — S 9

(@)ag, =55 F Z Tiwkzljl( Wi, (t )W (Tkllll) | (Yhirji — Mhirg,)
5k,1 Sk,2 nW(K)Jf nN(K Ty k

2
(Ykilj{ - '“kn'lj;)
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_ -2 -2 2 .1
- Op <8k,18k,28k73n’y(K),kn/l,(K),k)) :

Under Af 5, we have

2
11 1 Thirir — S
(@)ag, = 5= F S Wi () Waist W (Thint) Wikists OWy s (Thisy) | =2 ——
Sk,l 8k,2 T]’Y(K) k n.“(K) k n’V(K)vk

2
(Yki1j1 - /Mczjjl) (Ykilji - Mkil]{) (Ykilj; - 'uk:iljé)

1 1 1 1 Tiiiiy — S Thiiin — S
+ ———F Z - Wku]l( )Winlll (t)Wk?nj/ (Tkilh)Wkiljg (8) fljl j1]2
’2 1 k UW(K),k

2 2 ~4
k1 5k nW(K),k 77#(1(), Thx)

2
(Yki1j1 - /“%'1]'1) (Ykilji - Mkhji) (Yki1j2 - Mkzjjz) }
_ -1 _-2 ~—1 ~ ~—1
- Op (Sk,lsk,2 (Sk7477’)/(K),k + Sk,Sny(K),an(K),k)> :

Under Af 5, we have

1 1 1 1
@lagy = 52 F = Wi () Whints (OWy o (Thiata) Wi o (8) Wikiata (W, 57 (Tt )
Sk,1 5k,2 77’}’(1() k nu(K),
Thirjy =5\ [ Thirjo — 5
< 777(1(),]6 ﬁW(K),k‘ (Yki1j1 - ,ukhjl) (Ykilji - Mkilj;) (Yki1j2 - /Lkiljz) (Ykilj; - 'ukz'lj;)

_ 2.2, =2
=0p (51@,151@,25’676777(;@,16) :
Finally, we have

|ag, + (a)lag,

(a) = (a)lag + (a)lag + (a)lag + (a)lag, + (a)
-2 =2 ~—2 ~—1 -1 _-2 ~—1 ~ ~—1
= Op <Sk,lsk,28k73n’y(}{),knp,(K),k) + Op (Sk,lsk,2 (Sk7477’7(K),k + 8k73n7(K)7k77/J,(K),k>>
-2 -2 ~2
+0, (Sk,lsk,QSkﬁ%(K),k) .

For (b) and (c), it requires {(k,i1) = (k,i2) = (k',i;)} to ensure that these two terms are not equal to

zero. Consequently, it leads to

11 1 11
(b) = 28%15%21‘3{ N szm( Weinty Wi it (Triain) Wi o () Wiaty (OW, 1 (Thinto)
) ) V(K) H(K

Tk' i — S Tk' i — S 2
( i1 ) ( Lk ) (Yeirjs — Hhingr) (Ykilj1 - “kilji) (YVeirjo = tikirgo) 1% (Thiyt,) (Tm;j; - Tki112> }

k) .k iy k

_ 2 1 -2 L~
=0y (Sk,lskz,Z (Sk14n’7(K)vk + Skf’n’Y(K),k))
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11 1 1 1 U Thijy — 5\ [ Thigo — 8
(c) —2E{Z ( 11 ) < 152 )Wkiljl(s)w,m-lh(t)Wkiaji(Tkilh)

2 ~1 = = = ~
2 5k.1 5k,2 n'y(K),k T]M(K)Jcll My k k) k (k) k

2
thjz(S)WkillZ (t)Wk‘ilj; (Tkillg) (Yki1j1 - Mknjjl) (Ykzjj; - Mkhj;) (Yki1j2 - lu’k‘ilj2) /1’( )(Tkilh)
2
(Tuis = To) -
—2 -1 ) S 1
=Up <5k,15k,2 (5k,477'7(;<)7k + 8’“7377V(K>7k>> :

Lastly for (d), it requires that {(k,i1) = (k,i2)}, yielding that

11 1 1 1 1
d)=>5—5ES> = = Wiinjn (8)Whisty, Wi o0 (Thigty ) Wiy o (8) Wiy 1o OW s ir 1 (Thiyi,)
4551 5o My aey ok Mgy k) Mgy 1 272

Th(xyk Tk .k 1

2
(%%—ﬂw)}

— -2 -1 ~2 ~—1 ~4
=Op (Sk/:lsk’z <Sk’4n7(K)vk T Sk’3n7(x)7k> nN(K)ka> :

Tk‘ i — S Tk‘ o — S 2
( — ) < L2 ) (Ykiljl - /’Lkiljl) (Ykiljz - Nkiljz)ﬂ(Q) (Tki1ll) (Tk'illjl - Tkilh) U(Q) (Tkillz)

Taken together, we have
- ~ 2 -
Var (ARiy) = B (ARix) — B2 (ARiy)
=0p <Sﬁsl§é$i,3’ﬁu@»k> +0p (Si;’?lsl;é (3’“’4773(1(»’“ + S’“:”ﬁv_(io’k))
+ O (S5m0 o ) + O (551505 (S 3k 4755, ) )
+0Op (Sﬁsﬁskﬁﬁg(m:k) + 0y (31;331;5 (S’“’m?ﬂmv’f + 57“3777_(10”“))

-2 -1 ) ~_1 4
+ Oy (Sk/,lslﬁ2 (Sk"mV(K),k + sk73777<1<)7k) 77M<K)J€) :

While for Qog, ,, by simple calculation it can be derived that
1 - -
E (Qor, ) = f(Tha) + ia(W)fQ) (Trit) e sy e+ (ﬁi(m,k> ,
1 1 1 -
Var (Qory ) = ——RW)f (Tiit) = + 5——U W) (Tt -
Sk’ 1 My k Sk 1
Cov (QORLM ARI,k) =0y (8,}2’18;581@,3%(,{)&77;(1[(),k> :
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Finally, we apply the delta method and it yields that

E%(Qor, ;) E3(Qor, ;) EY(Qor, ;)
_ —2.-2.2 =2 —2 1 <9 S 1
=0Up (Sk,13k,23k,3777<;<>,k) +0p (Sk',lsk:Q (3"374777(K>7k + Sk’SnV(Kw’“))
2.2, ~-2 -1 1.2 1 . 1
+ Op <3k’18k’28k‘,3nry(K)’knp,(K),k) +0p (Sk,13k,2 (SkA%(K),k + 3’673777(@»’“77#(;()#))

2 9 -9 -2 —1 ) ~—1
+ Op <5k715k,25k76777(;<),k) + Op (Sk,lsk,Q <Skv4n’Y(K)7k + Sk73n’Y(K)7k>)

Var (ARI,I@> _ {V&T(Aél,k) 2E(AR1,I§)COV(QOR1J€7ARl,k) n EQ(ARLk)VaI“(QORLk) } {1 + Op(l)}

QoR,

-3 —2.2 2 -1
+0p (sk’,lskﬂskvi”%(mku(m:k)
_ -2 -2 2 =2 ~2 ~—1 ~—2 ~—1
=0p (‘Sk/’lsk,Q {Sk,3777(1<)7k‘ + Sk,2 (Sk7477'Y(K)7k + Sk73n“/(1<)7k> + nW(K),kT]M(Kyk

- - ~ 1 -2 1 2 =2 -1
T8k (Skvﬁ‘n’ﬂx),k + 8’“73777(1’()7]“77#(1()7’6) + Sk,6Thy (1) ke + 8k’,18k73n7(K)7k77u(K)»k}) )

S7. Proof of Theorem 1

1)

To derive the asymptotic normality of [LE K) (t), we first express it as

B i“’ 1 Ror(QerQ3k — QuieQar) + Rir(QorQar — Q34) + Rok(QurQak — QorQs i)
a O ok Qoa(Q2kQur — 51) — Qui(QurQuk — QorQsp) + Qui(QuiQar — Q3,)

K n
where Wi ey b = Sk1/Sk1, SKj =D ket Sk1s Skl = D0y Mi;, and

1 T Tij —t\ ((This —t)
Qre=—>.% ——W | KL . r=0,1,2,3,4,
Skl =1 M k) k Mucxeyk Ncxey .k

LI | Teij —t\ [ Thij—t)
Rep=— S, v LV i Yiij, r=0,1,2.
Skl 527 521 ek Muxcy b Muxcy ok

Denoting

n(f) = Ror(Q24Quar — Q34) + R1p(Q2Qsk — Q1eQur) + Rop(Q11Q3% — Q%k)

HIE) = Qok(Q2kQur — Q3 1) — Qui(Q1rQur — Q2xQsx) + Q2x(Q1rQ3x — Q3 1)
A (1) = 2 Ron(QirQsr — Q3 ) + Rip(QuiQar — QoiQsi) + Rop(QorQar — QF 1)
Hi B Mhacie Qo1 (Q2,1kQuk — Q%,k) — Qi p(Q1rQuk — Q21Q3k) + Qo1 (Q1xQ3k — Q%k)’

we have (2)
Ry — Quifir(t) — 5Qs kil (t)ﬁi(mk

K
~(1)
Ay (t) = Zwﬂuovk 7
() — Q2,k Mg
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We further replace fig(t) and ﬂ,(f)(t) with their true quantities and obtain the following definition,

R = Quap(t) = 5Qaut® ()75 o 1
QQ,kﬁ,u(K),k

=
PRSI
=

9

) K
t) = Z Yk
k=1

where 4(t) is the mean function and ;(?)(t) is the second-order derivative of u(t).

Moreover, by simple algebraic calculations,

ﬂﬁ@)(t) Z Wy k e )kQQkA Q2% (QrrQak — Q2xQ3.k) Gok

+{Quk (Q2xQ3% — Q1 rQux) + Q3% (Q1xQ2k — QoxQ3k)} Gk
+ Q2 (QoxQ3k — Q1 rQ2%) G2k ,

where

A = Qor(Q2kQur — Q%,k) — Qi p(Q1rQuk — Q2kQ3k) + Qo1 (Q1xQ3,k — Qg,k):
Gok = Rok — Qokti(t) — Quieit™ (87 ey —
Gir = Rip — Quip(t) — Q2,kﬂ(1)(t)ﬁﬂ(z<)’k -

Gak = Rok — Qait(t) — Qa k™ (8, b

1 _
§Qz,kﬂ(2) (t)n;%(K),ka

1 _
§Q3Jc/$(2) (t)nﬁm,k,

1 _

It is easy to show that Ay > 0, Q2 > 0 and P(A; # 0) — 1, P(Q2x # 0) — 1. In addition, we
have Go . = Op(ﬁﬁ(K),k + (1/(5167177#(1()719))1/2 + (Sk,Q/SZ,l)l/Q), G = Op(ﬁz(K),k + (1/(5k,177u<m,k))1/2 +

_ _ _ 1 .
(Sk’Q/Sivln/%(K),k)l/z)’ and Gy = Op(nﬁ(K),k + {1/ (8K g0 0) 12 + (Sk,2/5z71)1/2)- Taken together, it leads
to

G2 1/2
{mm (sK,lpM,l, K) } () ® — A (0) = 0 (1).

This shows that /‘E Ig)( ) and [ng) (t) have the same asymptotic distribution. Observing this, it suffices to

derive the asymptotic joint normality for ﬂgg) (t).
Similar to the proof of Theorem 4.1 in Bhattacharya and Miiller (1993) and by the Crarher-Wold device
(Cramér and Wold, 1936) and the Lyapunov condition, we can achieve the asymptotic joint normality of

(Rix—E(Rik),Qir—E(Q1k), Q31—E(Q3k)), where the rate of convergence is [min{l/(SK71pM(K)71), Sk 2
pu(K)g/SK,l}]l/z. Moreover, we can also deduce that

B(Ry) = (W) {p®)f D) + 1D (O F O } e

4 2B00) {0 £ 0) +3u0 0 O (0) + 3020 FO0) + 1O OF0)} 1+ 00 (7o)
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E(Qk) = a(W)f(l)(t)ﬁM(K),k + éﬁ(W)f(i‘)( )77 L)k T Op <ﬁ2(K),k) )
B(Qa4) = alW)F(1) + 5BV i+ 0p (i)

1
B(Qu) = BOVIFD W+ eI DT 1+ 0p (70 1)

1
V&r(RLk):W {,Uz +’}/t t +O'2}f
w(rc)sk

#5238 et 00) [0 {00 1000020+ 10000010
k

1 Sk,2 2
top | ——+
P (5k,177,u(K),k 2, 2 Mugk )
1 1
Var(Qi ) = ————UW)f(t) + 0p <~) ;

Sk k) k Sk k) k

Var(Qax) = ————V(W)(t) + 0, (1> :

S,k gy k Sk gy k

Var(Qs.x) = ———— Z(W)f(t) + o, <1> ,

Sk k Sk gy k

Cov(R1p, Q1 p) = ————U(W)u(t)f(t) + o, (1>

Sk‘,ln/,L(K),k Sl,knu(K),k

k1 S,k .k

Cov(Rr, Qo) = —— V(W) {0 FO0) + uD (1)} + 0, <1> ,

Cov(Rik, Qs k) = %V(W)M(t)f(t) + o, (}) :

Sk 1M ey k Sk gy k
1 1
Covn (@14 Qas) = =V INNV(0 + 0y (),
Sk,1 Sk,1
1 1
Cov(Qi, Q3 ) = —————V(W)f(t) +op (~ ) )

1 1
Cov(Qak, Qsi) = —Z(W) fI(t) + 0y <> ’
Sk,1 Sk,1
where a(W) = [ 2?W (z)dz, B(W fac4W Ydz, (W) = [2W (z)dz, R(W) = [W?(x)dz, UW) =
[2*W?2(z)dx, V(W) = [ziW?( )dx,Z = [25W?(x)dz. We also note that the kernel function is
Lipschitz continuous by Assumption 2, Which implies that the moments of the kernel function are finite.

Using the delta method, we can now derive the mean and variance of ,ug Ig)( ) as

B (mh (1) = nV0) + BEWW/iu(?’) (Dpuier2 + 0 (Pucr2)

1)  Pugey -3 UW) y(t,t) + 0 Sko 1 2 |
Var () (1)) = “SEK)J 20 10 s, P {V(t,t){f(l)(t)} + O, 1) £2 (1)
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+ 2900 (1) f (t)f(l)(t)] + o (p““”’_?’ + Sm) ,

Sk S%(,l
S Puy,—3 S
_ K1 o, M08 ;(,2 7
Fu(t)PmK),—i% SK. Ska

where I',(t) is the same as defined in Theorem 1. Finally, the asymptotic normality of ,uE [g)( ) follows that

as K — oo,

O Sk1 @y @) 18(W) 3) (4 } d
T ()P s {M(K)(t) p () — Gam)” (O)Puesy2 ¢ — N (0,1),

and so is for ,uE [g)( ). This proves Theorem 1.

S8. Proof of Theorem 2

To derive the asymptotic distribution of 'Ny((;(’()))(s, t), we first rewrite it as

78(()))(8 t)

1 RooxBizk + RioxBook + Ro1kB32k + Roo k Baz x + Ro2,xBs2 k. + Ri1,xBe2,k
Z i)k B ’
77’7(K) k k

. K ng
where wy ;= Sk2/Sk2 With Sgo =) 1" Sg2 and sp 2 = Y 5 my;(my; — 1), and

P q
. Z Z 1 W Trij — s 1 W Tea —t\ [ Thij — s Trg —t FE)
pq N ~ ~ ~ ~ ~ ~ kig,l
k2 521 1< jbl<my; )oK Thryk ) Thyk Th (k) k Th ey .k Th sy .k "

with p,q = 0,1,2. Let also

p q
1 & 1 Thij — s 1 Trir —t \ [ Thij — 5 Thit — t
qu,k _ z : 2 : _ 14 ~kzy _ W ~lczl ~klj ~k@l
Sk72 i=1 1<jAI<my; n’Y(K),k n’Y(K)vk 777(}(),]6 n'Y(K)vk 777(}(),’6 n’Y(K)vk

for p,q = 0,1,2,3,4 and that Qf is a 6x 6 matrix given by Qp = {QPQ7k}O<p g<a- Lastly, By is the

determinant of Q) and By, is the algebraic cofactor of Q.

Denoting
- Roo i B11,x + RioxB21k + Ro1,x B3k + Roo k. Ba1 g + Ro2 i Bs1,x + Ri1,1Be1, k.
7’6(55 t) Bk;
1(0’1)(5 b = 1 RooxBizk + RioxBosk + Ro1kBss .k + RookBaz k. + Ro2,xBs3 k. + R11,xBe3 k
F ’ ﬁW(K)Jf B, ’
- (2,0) 2 RoorBiar + RiokB2ak + Ro1pBaax + RooxBaak + Roz k. Bsar + Ri1kBeak
’}/k (57 t) ~9 Bk 9

n’Y(Ky
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,Y(o,z)(s 5 = 2 RooxBisk + RiokBask + Ro1 kBss i + R0,k Bas k. + Ro2 kBss k. + Ri1,kBes i
k I ~9 )

7 By,
V(x) ok
’y(l’l)(s 1= 1 RooxBiex + RioxBosk + Ro1xBsex + RookBask + Ro2,kBsek + R11,kBee.k
k V) — 9 ’

n’Y(K)Jf Bk

we have

}jw L Riok — Quoain(s ) — Quuad ™ 5, il i — 2 Qa0 (s, 1)

V(x)sk Qoo kv Ko 10,k 10,kVk\ S5 11,kVg V)T k) ok 5 30,k Yk UMy iy k

(0,2 . (11 .

We further replace the quantities related to the online estimation with the true quantities, and as well as
define,

1
(K) ZWV(K) kA {Rlo,k — Quog(5,1) — Quupr (s, )k — §Q3O,k%§;2’0)(8, t)h?

—*Q12 ’Yk’ )(3 t)h* — Qx k’Yk )(Svt)h2}7
K

_x 1 X 0,1 2,0
’Y(%O)(S:t) = wam),km {Rl(],k — Quox7k(8, 1) — Q17 Y(s.t)h — *Qso ’Y( V(s t)n?
k=1 )

1
—§Q12k7 2 (s, 8 )h2—Q21,m,§1’1)(8,t)h2},

where h is the true hy ., ¥(s,?) is the covariance function, O (5. 1), 420 (s, 1), 402 (s, ) and v (s, )

are the true partial derivatives of (s, t), and

1 Tkij — S 1 Tk:ij —1 Tkij — S (K)
Bom 3 3w (T L (Bt (T g,
k22 1 1<j#I<my; )k Tk ) Tk Ty k Th(xyk

. K
with Gy = (Yeis — ey (Do) ¥t = ey (Tiar) -
Next, by simple algebraic calculations,

%?%w—%g%w

1
Z Wy g,k ——{Goo .k (QuoxBi1k + QuirBizk + Qs0xBiak + Q2 Bisk + Qu1,xBi6 k)
777 (1) k €20, Bl

+ Giok (QioxBa1k + Qi1 Bozk + @30,k B2k + Qi2,1Bos i + Q11,6826 k)
+ Gork (QuoxBaik + Qi B33k + @30,k B34k + Q21 B35k + Q11,6836 1)
+ Gaok (QrokBark + Qi Bazk + @30,k Baak + Q21 Bas i + Q1,6 Bas k)
+ Gook (QuokBs1k + Q11 Bs3x + @30,k Bsak + Q12,1 Bss.kx + Q11,6856 1)
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+ Gi1k (QuoxBs1,k + Q11,6863 k + Q30 Beak + Q12.5Bes k + Q11,6Be6.k) } »

where

Gook = Rook — Qoo v(s:t) — Quoy ™ (5, 6)7hy e, i — Quriy ™V (5,871

1 - 1 . -
- §Q2O,k7(2’0)(87t)773(,<),k - §QOQ,k7(O72)<37t)n3(K),k - Q11,k’7(1’1)(3»t)773(m,k7

Grok = Riok — Quoxv(s:t) — Qoo™ (5, 6)7hy e ik — Quriy "V (5, 8)71

1 - 1 . -
- §Q3O,k7(2’0)(87t)773(,<),k - 5@12,k7(072)<37t)n3(K),k - Q21,k’7(1’1)(3»t)773(m,k7

Gork = Rovk — Qoriv(s,) — Qursy ™ (5, 8) iy ey b — Qo2 y' ™M (5,87l e, i

1 - 1 - -
- 5@21,k7(2’0)(87t)7}3m,k - 5@03,k’7(0’2)(8,t)773(1(),k - le,k’Y(l’l)(57t)7I3(K),k7

Gaok = Rook — Qaoxv(5:t) — Qa0 (5, 6)7hy e, e — Q¥ "V (5,871

1 - 1 - -
- §Q4O,k7(2’0)(87t)773(,<),k - 5@22,k’7(0’2)(3at)773(m,k - Q31,k’7(1’1)(3»t)773(m,k7

Gozk = Rozk — Qo2 v(5:t) — Quapy ™ (5, 6)7hy e, i — Qus iy ™V (5,871

1 - 1 - -
- 5@22,k7(2’0)(87t)773m,k - 5@04,k’7(0’2)(8,t)773(1(),k - Q13,k7(1’1)(37t)773(m,k7

Giig = Rig — Quuav(s,t) — QupyM0(s, Oy ey ke — Q27" (s, )Ty ey ok

1 - 1 - -
- §Q3l,k7(2’0)(87t)7}3m,k - 5@13,k’7(0’2)(8,t)773(1(),k - sz,w(l’l)(S,t)Tﬁ(K),k-

It is easy to show that By > 0, Q2 > 0 and P(By # 0) — 1, P(Q24% # 0) — 1. In addition,
we have Gook, Gaok: Gooke = Opl(il, 0 i + {1/(3k,2ﬁi(K>7k)}1/2 + {sr3/ (57 2Ty k) /2 + (s.4/575)Y2),
Gro, Gork = Op(ily o 1+ {1/ (12 o) )32 {503/ (5T 2Ty )} + (510 o) 1/572)1/%), and Gy, =
Op(ﬁﬁ(K)’k + {1/(Sk’2ﬁi(K)7k)}1/2 + (Sk,Sﬁu(K),k/Sz,z)l/Q + (sk74ﬁﬁ(K)7k/sz72)1/2). Taken together, it leads to

SioPrat Sk 2 (1,0) (1,0)
) £,2Pvx) K2 (1,0 _(1,0
{mm (SKWV(K),Z, SK(;) 5o o 2) } (VK (s,t) — V() (s, t)) = op(1).

Moreover, by following the above notations, we have

1 Riok — Rigy
’Y(K))k Q20,k

K

_(1,0 _x(1,0

’Y((Il())(sat) - 7(1(() )(57t) = ZW'Y(K)’kﬁ
k=1

We further decompose Rigj into four terms as follows:

1 & 1 Trij — s Tea —t\ [ Thij — _
+ @ Z Z ) w ( _ ) w ( ~ 2 (Ykij - Mm’j) (Pokit — [okit)

i=1 1<jA<my; ok Mk
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1 Ti'—S Ti—t TZ“—S -
+7Z > = W<~kj >W<~kl ><~k]k)(ﬂkij_ﬂkij)(ykil_ﬂkil)

2001 1<jA<my; M)k Tk Thie) k (),

1 k 1 Tk"—S Tkil_t T]m"—S - -
+ 72 Z ) w ( - ) w ( ~ — (Hkij — fiwig) (e — fiit)

=1 1<j£I<mp; My ke k Ty k Th(rey .k Th(xy .k

where figi; = fi(x)(Thij)- Using Theorem 1 in Yang and Yao (2023), we have fix(t) — fix)(t) =
op (i) (t) = u(t)), where fizey(t) = 4y Wy e {RO,k/QO,k - M(l)(t)ﬁu<K>,kQ1,k/Q0,k}- Then we get

— Z Z — 1 W (Tfm — S) w (7}“[ — t) (Tf” — S) (Yaij — frij) (it — kit

i1 1<];£l<mkl k) ok Thx)k Thx)k )k

—Z > ~21 1474 <T~kij_8> W (1}”_ )(Ym] Pkij) (it — Fii)

i=1 1<j£I<mp; Ny (xey ok

—Z Z ~ L w (1}” — 8) w (1}” _:> (1}” - 8) (Ykij — trij)

=1 1<jAl<mp; )k k) k

ok’ (Tki) B Q1 17 (Tkir) (1)
Hiil — Z H(K)’ {QO i (Trir) onk’ (Tkil)lu

i=1 1<j#I<my; TI’Y(K)y

mn,r m,r .
1 k ki 1 Tk/ o — Tkil
-1 , i'j
3 i) 3 3 o (e
k=1 ,

A §'=1 77“(10”‘J

With the second-order Taylor expansion of p (7} ) at Tk’z"j’ and the first-order Taylor expansion of ) (Tkar)

at T i we have

1 Trii — s T —t Trii — s ~
—Z Z — W(Nkj k>W<~kl )(f] k)(Ykij_Mkij)(Mkil_Mkil)

=1 1<]7él<m;“ n’Y(Ky nV(K)vk 777(1(),

n r m / /
B Z Cnirey QOk (Tir) 772 Z Z Z 2 (711“3 - S) W (7:1911 —t> (7}” - s)
K>7k n’Y(K),k

V1 1 Sk,2 =1 1< A <mp; =1 =1 UV(K)JC 77’Y(K)7k
1 Ly v — Tha 1 2
~ W °J {Yk?Zj - /"L(Tklj)} {Ykl'L/]/ - /’L(Tk/zlj/) + 5/‘1’(2) (Tk/zlj/) (Tklzlj/ Tk’bl) } .
nH(K)JC/ nM(K),k/
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Denoting

ARy = — ! sz Z Zki ~21 W<Tkij—S>W<Tkil_t> (ij—3>

S/ 18 ) )
k/,l k,2 i=1 1<j#I<mp; i/ =1 j/:1 77’)/(}(),]6 UV(K):k 77’7(}(),]43

1 Ty — Tha 1 2
— w fJ {Ykz] — M(Tklj)} {Yk/i/j' — M(Tk/i'j/) + iu(z) (Tk'i'j/) <Tk'i/j/ — Tkll) } R
n#(K)JCI nH(K)»k/

n.r m., r.s
T

B 1 1 N k k
N MM 3Dy

1 Thij — s Thit — Thij — s
_ W ( ~k’z] ) W ( ~k:zl ) ( ~k1]
Skl71 Sk, i=1 1<j#£I<my; §/ =1 j/=1 77'y<K>,k 77'7(1():]‘7 nW(K)vk n’Y(K)ak

1 Tkl g — Tk'L] 1 2
— w i] {Yk;il - H(Tkil)} {Yk’i’j/ - M(Tk’i/j') + §H(2) (Tk’i’j’) (Tk’i’j’ - Tkij) } )
nﬂ(xwkl nu(K)Jf/

we have

K
Rior = Ry, + w / = w / :

: 10,k E , K E : &
ol HEDR Qory HEDR QoR,,,

1 & 1 Thij — s T —t Thij — s . .
+ @Z >, W < _ > w < - : (Pkij — fikig) (Hrir — ki) -

=1 1<jAl<mp; )k Thx)k

By Theorem 1 in Yang and Yao (2023), we get (fij — fikij) (kit — fikit) = Op(ﬁf;(m i), Which can be
ignored compared to ARl,k /Qo Ry - Moreover by the delta method and Lemma A.1, we can obtain that

K K ~ K ~
_(1,0) _+(1,0) 1 1 ARy g ARy g
¥ s,t) —7% s,t) = O w r— 4+ w §—
(K) (s,1) (K) (s,2) ; V(K) sy ok Q20.k kz’zl H(xy sk Qor, k/zl p(ry sk Qors
=0Op (51;?5;?,22 {5%,3 + Sk.2 <5K,4 + SK,3Pv<K),—3) + Py —4Phre) 1

+ Sk 1 (SKAP'y(K),—ZS + 5k,3,0~/(,<),—1p,:(11<)71) + Sk + 5}}15%(,3PM(K),—1}> -

This shows that i((}(’()])(s, t) and "y(* I((l)’o)(s, t) have the same asymptotic distribution.

In what follows, we derive the asymptotic distribution of 7}/2}((1)70)(8, t). We use the Crarher-Wold device

and the Lyapunov condition to establish the asymptotic joint normality of (Rior — E(Riok), Qiokr —
E(Qiok), Q11 — E(Q11,k), @30k — E(Q30,k), Qi2,k — E(Q12,k), Q21,1 — E(Q21,1)). The rate of convergence

is [min{Sk’Qﬁg/(K)’k’ s%’QﬁWK),k/sk’g, 3%,2/(8k74ﬁ'2y(K),k)}]1/2' In addition, we can deduce that
B (Rjo,) = a(W) {300 (5,001 ()£ () + (5, 01D () F(2) } iy 1+ BOV) {év“m(s, £ f(s)f (1)
+%v<s, DO () 7(1) + 570,117 ()7 (1) + %7(2’0)(8, t)f(”(s)f(t)} s
1

+a*(W) {7“’1)(87 DF(8) V(1) + 1OV (s, ) f D) f V0 + 57 (5. 0) £ () £ (1)
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5105, F D) FOE) + 5702 (5,017 D)7 (1) + 573 (s, 1)7(5) 12 (t)} o

+ 0y ()
E (Quog) = a(W) Y () F ()l ey + %aQ(W)f(”( )OO i+ éﬁ( VIO T e i+ 0 (i)
B (Qup) = W)V (s) OO o+ a0 {05150 0+ 5O ()70} il e+ 0p (70

6
E (Quz) = a>(W) fD(8) f (1) e, 6 + (W)BOV) {éf(?’)(S)f (1) + %f W (s) (t)} T3 ey e+ Op (ﬁi(m,k) :
B (Quo) = alW)F()F(1) + 5BV () FOR 0 1+ 502 (W) F () [T,
1 - -

+a(W)BI) () FD O 5+ 0 (i)
E Qa1 k) = (W) f(5) f N (1)1 00 1 + éa(W)ﬂ(W)f@)f@ (755 ey + %a(W)B(W)f(Q)(S)f(l)(t)ﬁ3<K),k

+ Op (ﬁ?;(K),k) ’
Var (Rjg ) = {1+ (s = 1)} { L RW)U(W)Ex(s,)f () f(8) + U (W) By, t)f(S)fQ(t)}

k.21 ) Sk,2h) k

# IR e o {26120 + 0 00010 |

- {16,076 41005, 070) | f2<t>+op< T+ +3’“4n§(m),

k2™ ek k2T k sk 2
where
Ex(s,t) = B [{Yi = u(T)Y (Y2 — w(T)P 1Ty = 5, T = t],
Ey(s,t)=FE [{Yl — ()Y {Ye — p(To)} Vs — w(T3)} | Th = 5, T = t, T3 = t} ;

and {(7;,Y;) : i = 1,2, 3} are the observations for the same subject,

* 1 S
Cov (Rigy: Quok) = {1+ 1(s =1)} S ROW)U(W)y(s, £) f(5) f(£) + ——=——U(W)y(s, ) f(5) f*(t)
5k,277,y<K),]€ Sk2Th i)k
1
+ op — + = 8~k’3 ;
8k7277’}/(K),k sk,Qn’Y(K)vk
1

VW) {305, £(5) FD (1) + 70D (5,01 ()1 (1)}

1 s
+ 0p ~ + ﬁ )
Sk,2My (k) k Slc 2
1

Cov (Rigp, Quak) = {1+ 1(s=1t)} {~2U2(W)’Y(3at)f(3)f(t) + = ok a(W)U(W)’Y(S,t)f(S)fQ(t)}
Sk,QUV(K)yk Sk.2Th k) k

Cov (Rjgs: Qui) = {1+1(s=1)} [

5k727~7“/(1<),k

+ zgﬁa(W)U(W)'Y(Sat)f(S)f(t)f(l)(t)
2
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1 Sk,3
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By the delta method, we can then derive the mean and variance of fy((l)o)(s, t) as

P 18(W 1
E (7(1((1)0)(5 t)) 0 (s, 1) + = (W) y30(s, )Py 2 + 204(W)~y(172)(3,t)p7(}<),2 +op <p7(K)’2) ’

Prue —4 ROVU(W) Ex(s.1) Sk 3003 U(W) Eg(s,t)}
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1 Sk.3 Sk4 -2
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where I'; (s, t) is the same as defined in Theorem 2. Finally, the asymptotic normality of V) ,t) follows

that as K — oo,

SK.2 ~*(1,0) (1,0) 1 B(W) (3,0) 1 (1,2)
- = ) t _ ) t A 5 t _ s t
\/Fv(s’t)l’wm:‘l {W(K) (8:8) =775:) 6 Oé(W)’Y (571102 20[(W)V (5803502

4, N (0,1),

and so is for 'y((l ))(s t). This proves Theorem 2.

S9. Proof of Theorem 3

To deduce the convergence rate of the online learning bandwidth, we can generalize Theorem 1 and Theorem
2 both to the d-dimensional setting. Suppose that Assumptions 1, 2 and the assumptions for the asymptotic
normality in the d-dimensional setting hold. If ﬁ( K)— h?f;) = op(SI;}d/ (d+6)), for any point = € [ﬁ( K)» 1—ﬁ( )

as K — oo, we have

S 1/2 ) 1 W d ,
{m)p(;’imd)} {m%(” -m) (Z mf’)(x)) pmz} 4 N(©,1)

J=1
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Denote 0 = f{Z?:l mgg) (2)}?f(z)dz and v = [T(z)f(x)dz. We use the online local linear regression to

estimate f(z). For the online estimation 6 and 7, we apply the online local polynomial regression of order 4

/ : J aJ
and p’, respectively. Let {179(}()71}[:1 and {m(K),l}iz

Based on the MISE criterion, the optimal bandwidths and the online learning bandwidths are

. be the candidate bandwidths of  and 7, respectively.

R

2 1/(d+6) 2 ~ N 1/(d+6)
7 xopt o (W) v —1/(d+6) Topt « (W) v —1/(d+6)
higy = {9(2 + d)52(W) 7 Sk.d and hpe) = 9(2+d) BV 5 Sk .

If the online learning bandwidths of § and 7 are hé(K) = GgSI_{}d/ (df8) and hly(K) = GZ,S[_{}d/ (d+2p'+2)
with Gy, G, = O,(1), and the candidate bandwidths are Mo s d = {(J—-1+ 1)/J}1/(d+8)h9~(K) and 7
{(J -1+ 1)/J}1/(d+2p’+2)h,;(m, we can prove that as K — 0o, hx satisfies

7. opt 7 *opt ~

h(f{)_h([g -0 <I3—V>+O (9—9)

B*opt - P v p 0 :
(K)

V(K),i =

The details of the proof are set out as follows. Based on the above notations,

~ ~ N\ 1/(d+6) 1/(d-+6)
t *xopt v v
iy (5) - (%)
7, *opt v\ 1/(d+6
iy ()
- 1/(d+6)
(3
0 v
9\ /(@+6) 1 v—v
= = 1+— -1
5 (o)
1 o\ 1/(d+6) - 9\ 1/ (@+6)
d+6\ 9 v 0

_ L (O (08 e ,
S d+6\9 v 6

1 (9)1/(d+6)ﬁ—u 1 0-6

Td+6\3 . Tdt6 g

The first-order derivatives of the mean and covariance functions correspond to d = 1 and d = 2,

respectively. Denoting X = {sz' €ERVk=1,....K,i=1,... ,nk}, we have
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_0, (U [m®(z) - ﬁ1§-3)(x)}2 dx] 1/2f(a:)> .

Then, E{(6 — 0)*X} = O,(E [{m ) (m) — gg) ()}?X]). We can choose the online local cubic regression
with the bandwidth hé( P =0 (S_l/(d+8)) to estimate m§-3) (). This leads to § — 0 = O (SK(3+4)/(d+8))
Under the different degree of the data density, v in the asymptotic normal distribution is different. The
order of 7 — v is determined by the online bandwidth selection. For the dense functional data, when d = 1,
we have U — v = OP(S;(?I/ 9). When d = 2, we have 7 — v = Op(S;(’lQ/ 4). For the non-dense functional data,
when d =1, we have v — v = OP(SI_{21/5) When d = 2, we have 7 — v = Op(S[_{}Q/g). This shows that o — v

dominates the convergence rate of (h‘()p - h*‘)p t) / h*%t, which thus proves Theorem 3.

S10. Proof of Theorem 4

Since ﬁ(K) = N(K)1 > 0 > N(K),L, without loss of generality, we set the expression of M) My =
g(f)fa(K), where g(I) decreases with respect to I, [ = 1,...,L and g(1) = 1. Using B(K) - E(K) =

op(S;(’ld/(d%)), we have
Ny N Sk,d —1/(d+6) B Sk J —1/(d+6)
A( ) = g(l) (S) + Op(].) (l) (d+6)5 + Op(l).
h(K) K,d K.d

Under Assumption 5, Sy 4/ Sk 4 increases linearly with respect to k. This shows that the form of g(l~)_(d+6)

should be linear and g(I)~(4+6) € (0,1], yielding the candidate bandwidth as

0 Loii1 1/(d+6)
g =\ —7— :

Based on the optimal form of the candidate bandwidths, we derive the lower bound for the relative efficiency
ratio to assess the performance of the proposed online derivative estimation. When the data stream in
continuously, there exists a breakpoint Ky in the candidate bandwidth sequence selected for K data block
{77( K)k}f To be specific, when k < Ky, because of the restricted length of the candidates, 7k, can only
select the Lth candidate bandwidth so as to be closer to h(g), then 7). > h(x). When k > K, there

are enough candidates and we can choose one of them to almost replace iz( K)- Hence, we have

(K k 7,—1/(d+6) (kgﬁ) —1/(d+6) | -
— = K,d <
haoy I 1/(d+6)

hao | (118 - ) Y s
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where [}, = arg min, 7, |Ska/Sk,a — (L — I +1)/L|. We further deduce that

~,  MISE (mY
o) -

I
SHIESE
+ |+
(2R \V]

——
(]~
|2
2 s
VR
= =
5 |3
~ |
N————

no

——

[}

f—/H

MW

. —(d+2)
kd [ T(E)k o (
)

_ 2 B ‘
i ska (T d+ 6 Cajare) Sko.d 1-2/(d+6)
Sk d + 4 ’

= PEA N\ g SK.d
~ —(d+2)
f: Sk.,d 77~(K),k _ ML(d+2)/(d+6) <SKo,d>1+(d+2)/(d+6)
o Sk \ e 2d+8 SK.d

When k£ > Kjy, we have

Hence, under Assumption 5, we have

Sicod _ (d+6\T0 1
S}gd “\d+5 L.
Letting p = Sk,.a/Sk.a € [0,{(d+ 6)/(d+ 5)}976/L], we can thus obtain that

2
roff ( (1) > L d+2 <d+ 6L—2/(d+6)p1—2/(d+6) 41— p>

38




which has the maximum value at p = {(d + 6)/(d + 5)}%*6/L. Finally, we have

reff (m%) >(1+al ' +6l ™) 10, (V ; V) :

where

C1

T d+4 (d+ 5)d+6

2 d+6\*™* (2% +19d + 46)(d + 6)+
d+5 ’

(d+2)(d+ 6)**9

_ )
2T (d+4)2(d+ )2z

Especially, ;182) (t) and ’y((;(’()))(s, t) respectively correspond to d =1 and d = 2,

veff (fi{)) ) = (1+0.2596L7" +0.0030L7%) ™" + 0, <”“V_ ”“) ,
o

reft (:Y((Ilé()))> > (1+ 0.2604L 1 + 0-0018L_2)_1 +0, <1/7 — ]/,y) |

Vy

By Theorem 3, regardless of whether the functional data are dense or not, we have O,((7, —v,)/v,) =
Op(S;(’Ql/g) and Op((7y — vy)/vy) = Op(S[_(}l/4). This proves Theorem 4.
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